Solutions of a class of Cauchy problems are compared with solutions of related perturbed problems. Holder continuous dependence on the perturbation parameter is established for the difference of these solutions using the logarithmic convexity method. Results are also obtained under weaker restrictions for a special class of linear equations by employing the Lagrange identity method. Studies of this kind attempt to regularize problems that may be ill posed against errors made in formulating the governing equations of mathematical models. ᮊ 1997 Academic Press
INTRODUCTION
Solutions of Cauchy problems for first order operator equations were w x compared with solutions of perturbed problems in Ames 4 . Since neither the original problem nor the perturbed problem is required to be wellw x w x posed, a logarithmic convexity method 13 is used in 4 to derive Holder stability inequalities that relate the solutions of these problems to the perturbation parameter. Such studies have been referred to as ''continuous Ž dependence on modeling'' investigations by Payne and his associates see w x . 5, 14, 15, 19 for references and have appeared in a number of papers dealing with hydrodynamical and geophysical applications. These include w x w x w x the work of Adelson 
t t t
Here ⑀ is a small positive parameter lying in an interval 0 -⑀ F ⑀ . We 0 shall find a stabilizing constraint set such that if u and w both belong to this set, then they will remain ''close'' over a finite time interval. More specifically, we will show that the difference w y u in a suitably chosen measure is of order ⑀ to a positive power that is a function of t for Ž . 0Ft-T. Since the Cauchy problem for equations of the form 1.1 or Ž . 1.2 is typically ill-posed, logarithmic convexity or Lagrange identity argu-Ž . Ž . ments will be used to compare solutions assumed to exist of 1.1 and Ž . 1.2 . Moreover, since we are interested in stability, we do not intend to Ž . Ž . address the question of whether solutions of problems for 1.1 and 1.2 actually exist. We point out here that if the solution w exists for a sequence of values ⑀ tending to zero so that 0 -⑀ F ⑀ and if u exists, n n0
then our results indicate that w would converge to u in the chosen norm through this sequence of values as ⑀ ª 0.
n This investigation can be viewed in several ways. If the unperturbed problem is ill-posed, it might happen that the introduction of a small perturbation stabilizes the original problem so that the perturbed problem is well-posed. We can then ask how ''closely'' a solution of the perturbed problem approximates that of the ill-posed problem. This idea of perturbing an ill-posed problem into a well-posed problem and using the solution of the perturbed problem to approximate the solution of the original one is w x known as the quasireversibility method 10 and was our primary motiva-Ž . Ž . tion for comparing solutions of Cauchy problems for 1.1 and 1.2 .
A second possibility is that the perturbed problem models a physical system and is itself ill-posed while the problem in the limit as some parameter tends to zero is well-posed and more easily solved. The question then arises as to what error we incur if we substitute the solution of the limiting problem for that of the original one.
A third possible situation occurs if both problems are ill-posed in which case the comparison can be viewed as a singular perturbation problem. Although there is an extensive literature concerning properly posed singular perturbation problems for partial differential equations, the number of Ž . studies that we are aware of on singular perturbation in ill-posed problems is considerably smaller. Examples can be found in Payne and Sather w x w x 16 and Adelson 1, 2 . In the first paper, the unperturbed problem is an initial value problem for the backward heat equation while the perturbed is a Cauchy problem for an elliptic equation. Adelson's work deals with a class of problems in which both problems are Cauchy problems for elliptic equations. In these papers, the primary goal of the authors is to establish in what sense the solution of the perturbed problem converges to that of the unperturbed problem as a small parameter tends to zero.
We point out that the methods of analysis used in this paper are not the best choices if both the perturbed and unperturbed problems are well posed. Better convergence results can be obtained than those derived here. However, for ill posed problems, Holder continuity is usually the strongesẗ form of stability that can be established.
A description of the properties of the operators and spaces associated Ž . Ž . with Eqs. 1.1 and 1.2 will be presented in Section 2. Section 3 is devoted to the stability analysis and the major results of this paper. In Section 4, Ž . Ž . the special case F t, u s F F t is considered in order to indicate how the analysis can be simplified and the restrictions imposed on the solutions to prove continuous dependence on ⑀ can be relaxed. Some examples are discussed in Section 5.
THE GENERAL PROBLEM
Let D be a dense linear subspace of a real Hilbert space H with inner Ž . 5 5 Ž . 1r2 product и, и and norm и s и, и
. We denote by P and M two linear operators which map D into H and may be bounded or unbounded. We consider the problem
Ž . Ž . where f g H and T ) 0. The solution u of 2.1 and 2.2 will be compared with the solution of the perturbed problem
with g g H and ⑀ a small positive parameter. Throughout our analysis, we make the following hypotheses:
Ž . i The operators P and M and the space H are independent of t;
Ž .
ii P and M are symmetric operators that commute;
2 Žw . . iv the solutions u and w belong to C 0, T ; D ;
where K is a nonnegative constant.
Ž . Ž . Ž . Ž . To compare the solutions of 2.1 ᎐ 2.2 and 2.3 ᎐ 2.4 , we define 2 Žw . .
We have assumed that u and w satisfy the same Cauchy data for simplicity. If either of the two problems is well-posed, then we are merely assuming that the initial data are such that the related ill-posed problem has a solution over the given time interval. We could admit more generalw x ity as Ames 4 did by permitting the initial data in the two problems to be different but close. This situation could be handled with only slight additional difficulty, but it would complicate the already cumbersome calculations even further. The essential difficulties to be overcome appear in the case where the data are identical and compatible.
Ž . Ž . In the next section, we will show that the solution¨of 2.6 ᎐ 2.7 depends Holder continuously on the parameter ⑀ in an appropriatë measure for 0 F t -T.
STABILITY INEQUALITIES w x
To establish our results, we follow Ames 4 and use a logarithmic convexity argument. We begin by introducing the functional
Ž . for some constant Q to be determined. We intend to show that t satisfies the differential inequality
for computable, nonnegative constants c and c . Integration of this 1 2 inequality leads to the desired continuous dependence results. Ž . Differentiation of 3.1 gives
Ž . Substituting 2.6 into this expression, we obtain
and then resubstitution of the differential equation yields after some integration Ž .
Ž .
H H ž / 0 0 3.5
Ž .
If we now assume that u belongs to that class of functions, denoted by M M, satisfying the constraint
for a prescribed constant M and then apply the arithmetic-geometric 0 Ž . mean inequality, 3.5 becomes
At this point we need to bound H t y n P¨,¨d. .
3.8
Integration of this identity, application of Schwarz's inequality, and use of Ž . Ž . assumption iii and 2.5 lead to 1 
If we now complete the square on the first two bracketed terms in the previous inequality and discard the nonnegative terms, we obtain the inequality Ž . c 2 T r c 1 which is 0 ⑀ and that we can compute a constant R so that T e F R 2 since¨g N N, the assertion of the theorem follows from the inequality
w . for t g 0, T .
THE LINEAR CASE
Continuous dependence on ⑀ can be obtained under less stringent Ž . Ž . constraints on both u and¨in the case that 1.1 and 1.2 are linear Ž . Ž . equations. More specifically, we assume that F t, u s F F t so that the difference¨s w y u is governed by the problem
The operators P and M satisfy the same conditions that were assumed for the more general case. To establish our results, we shall use a Lagrange w x identity method 6 . It is often the case that in linear problems, the use of this method leads to inequalities that can be obtained under less severe assumptions on the solutions and the data than are needed for the convexity method. 
Ž .
Integrating this identity, we find that can actually get by with a less severe restriction. We introduce a function Ž .
. . , 4 at both limits of integration, we repeatedly substitute the differential equation for u which we now assume holds on 0 F t F t . This leads to 
EXAMPLES
In this section, we first discuss the particular case in which P s I, the identity operator; M s ⌬, the Laplace operator, and F ' 0.
Let us assume that ⍀ is a bounded open set in ‫ޒ‬ n with a smooth boundary Ѩ ⍀. We intend to compare the solution of
with the solution of the perturbed problem
We point out that while problem 5.1 ᎐ 5.3 is ill-posed, the one Ž . Ž . for w is well-posed so that the solution of 5.4 ᎐ 5.6 may be viewed as an approximation for small ⑀ to the solution of the backward heat equation. As we noted in the Introduction, this idea of approximating the solution of an ill-posed problem by perturbing it into a well-posed problem is known w x as the quasireversibility method 10 .
Ž . Equations such as 5.4 are of interest because they arise in models of physical phenomenon. For example, the equation appears in a theory of heat conduction with finite propagation speed, known as the Maxwell᎐Cat-w x taneo model 8 . In this case, the parameter ⑀ depends on the relaxation time which may be allowed to tend to zero. If the backward in time problem is considered in the limit as this relaxation time goes to zero, Ž . Ž . problem 5.1 ᎐ 5.3 results, leading us to ask the question of whether the model depends continuously on this relaxation time.
If we choose the L L 2 norm, then a logarithmic convexity analysis using the functional To exemplify the situation in which both problems are ill-posed, we turn to elastodynamics. A familiar problem is that of determining the displace-Ž . ment components w x, t , i s 1, 2, 3 of a non-homogeneous, anisotropic, Finally, we note that although we have established our results for positive ⑀ , similar stability inequalities could be obtained if ⑀ is allowed to be negative. If we reconsider our first example, we see that it becomes a Ž . comparison between two Cauchy problems for Eq. 5.1 and the equation w q ⌬w q ⑀ w s 0.
5.14 Ž .
t t t
The perturbed problem is thus a Cauchy problem for an elliptic equation which is ill-posed. This singular perturbation problem is a generalization of w x the one considered by Payne and Sather 16 .
